Abstract-This paper presents a strategy that may be used to guide stabilizing control design for multiple oscillations, which are difficult to control using conventional control design procedures. A multiple oscillation phenomena is observed in an example power system. A local bifurcation and an interarea bifurcation develop in an example power system due to multiple bifurcation parameter variations. The dynamic behaviors of the bifurcating system are complex due to the overlapping of the two different bifurcation subsystems and are shown to be difficult to control. The double bifurcations are studied in this paper and in order to stabilize them, three kind of µ-synthesis robust controls are designed, (a) µ-synthesis power system stabilizer ( 
I. INTRODUCTION
With the complexity and stress increased on current power systems, multiple bifurcations are more likely to develop. In WECC system it has been verified that there could exist up to 6 interarea oscillations at the same time and these interarea oscillations are very difficult to control since they are strongly coupled to each other. Typically, a conventional power system control that stabilizes one oscillation destabilizes others [1] . Using the conventional control design procedure, the coordination of different controllers is a significant difficulty.
A multiple bifurcation phenomena is observed and the stabilization of the multiple bifurcations is studied for a two area power system in this paper. Usually multiple bifurcations are produced by more than one bifurcation parameter variation. More complex system behaviors are expected when more than one bifurcation develop simultaneously and the corresponding bifurcation subsystems overlap. This makes it more difficult to stabilize the system under this situation.
Robust control has been applied to power system interarea oscillation and/or voltage support [2] - [9] for a single bifurcation. Multiple bifurcation stabilization has not been studied extensively, although it is the most frequently encountered in a real power system. In [8] [9] , a single measurement and a single control output µ-synthesis based robust power system stabilizer (MPSS) and µ-synthesis based robust SVC (MSVC) were shown to be very effective for a single bifurcation. As a very important step for multiple bifurcation stabilizations, a robust control design methodology was developed based the bifurcation subsystem method in [8] . The extension of this design methodology will enable designs of MPSS, MSVC, and mixed MPSS and MSVC control with different measurements and control outputs for stabilization of the multiple bifurcations in this paper. This paper is aimed at investigation of possible coordinated controls to provide generic guideline for multiple oscillation stabilization, using the bifurcation subsystem based robust control design methodology [8] and different control devices including power system stabilizer and SVC. This involves in (1) the identification of the bifurcation subsystem and the understanding of the bifurcation nature; (2) the structured uncertainty modeling by using a bifurcation parameter or multiple bifurcation parameters as uncertainty parameter(s); (3) the selection of performance index, weighting transfer function matrix, the measurements, and siting of the control to be designed using the bifurcation subsystem analysis; (4) the relative gain array (RGA) analysis [10] of the open loop and closed-loop system. In this paper, all these properties except the RGA analysis will be used to guide the robust control designs. Three MPSSs, two MSVCs, and a mixed MPSS/MSVC control are designed according to the nature of the multiple bifurcations. Time simulation results are given to evaluate and compare the individual robust control designs. A general conclusion is drawn to provide information and insight to the multiple bifurcation stabilizing control design.
II. MULTIPLE BIFURCATIONS AND µ-SYNTHESIS
STABILIZING CONTROL DESIGN A two-area power system [1] shown in Fig 1 is studied . Two generation and load areas are interconnected by two parallel transmission lines. There are two generators in each area. The generators and their controls are almost identical except that generator 3 (G3) has a conventional power system stabilizer (CPSS) attached. Bus 101 has a conventional SVC (CSVC) control device.
This two-area system is vulnerable to the interarea oscillations caused by various bifurcation parameters and to saddlenode bifurcation under certain situations [11] - [14] . The CPSS and the CSVC are not able to maintain the system stability for relatively large change of different bifurcation parameters [8] [9] .
A constant power load model is used in this paper. A doublebifurcation is produced by increasing the active power load and line susceptance connecting load bus 20 to generator bus 2 simultaneously. The bifurcation subsystems of the two bifurcations can be obtained and analyzed via bifurcation subsystem Fig 3 shows that the Hopf bifurcation is a local oscillation between generator 2 and the other generators in the system. Two bifurcation subsystems were obtained using the bifurcation subsystem identification algorithm [15] .
The study of the bifurcation subsystems of the double bifurcations, which is not shown here due to the limit of the space, suggests that the two bifurcation subsystems overlap each other and the overlapping states of the two bifurcation subsystems are mainly involved in all the inertial dynamics and excitation systems states at generators 2 and 4. According to the bifurcation subsystem method, this implies that control improvements at generator 2 and 4 are most likely needed.
The following notations, which were adopted in [8] , are still used here: P Ri = P mi and P Oi = P Gi ,i = 1, 2, · · · , 4, indicate the input power references and active power outputs on generator bus 1, 2, 11, 12. The fundamental robust control design and µ analysis and synthesis theory, which can be found in [10] , were summarized in [8] . The uncertainty is modeled using the second order matrix polynomial [8] [9] for the two bifurcation parameters: active power load at generator 2 and line susceptance between bus 2 and bus 20. The resultant uncertainty model is of higher order than for a single bifurcation parameter, but is simplified using the approach in [16] . The design procedure is the same as that shown in [8] and [9] using µ-synthesis method [10] [17] .
A performance index to be minimized is formulated according to the nature of the interarea and local bifurcations:
This performance index reflects both the requirements of the interarea and local oscillation control and also avoids the conflicts between the control requirements of them. It is slightly modified from the performance index shown in [8] [9] , where a single Hopf bifurcation developed. This performance index will be used through this paper. The terms In [8] , it was shown that the control configuration was flexible in terms of different control designs, measurement selections, and control sitings. The control configuration can be easily obtained for each control design considered in this paper by the slight modification of the diagram shown in Fig 6 in [8] and will not be presented individually. Following the design procedures of MPSS shown in [8] [9], the individual control can be obtained using µ-synthesis toolbox provided in Matlab [17] . The order of the resultant controllers will be reduced using a Hankel norm and the bifurcation subsystem information [8] sicne otherwise the control dimension is near that of the full system model.
The RGA matrix is proved to capture the bifurcation subsystem structure [18] such that the RGA matrix is block diagonal where the diagonal blocks represent the bifurcation subsystem and external subsystem structure. Due to the limit of space, RGA analysis will not be presented in this paper.
III. µ-SYNTHESIS POWER SYSTEM STABILIZER FOR MULTIPLE BIFURCATIONS
Because the multiple bifurcations develop in the different locations (generators) of the two area system, it is thus anticipated that more measurements or controls are either required or are able to improve the control of the system undergoing multiple bifurcations. Therefore, three increasingly more complex µ-synthesis robust power system stabilizer designs are considered in this section that have:
(1) a single measurement and a single control on generator 2 considering that both interarea and local oscillations need to be controlled. Generator 2 speed is taken as the measurement. The voltage excitation control set point on generator 2 is the single control. This is a typical local controller but is sited to affect the interarea oscillation between generator 1 and 2 and generator 3 and 4 and for the local oscillation between generator 2 and generators 1, 3, and 4;
(2) two measurements and a single control on generator 2. Because a local oscillation develops at generator 2 in addition to the interarea oscillations, the measurement on generator 2 and 4 should provide information on both areas containing generators 1 and 2 and the other area containing generators 3 and 4 as well as the local oscillation of generator 2 against generators 1, 3, and 4. This controller is not local any more since a communication link will be needed for the measurement on generator 4 to wherever the controller is located on generator 2. The control is chosen to be on the excitation voltage setpoint on generator 2 since it should provide control over the interarea and local oscillation. This controller should perform better than the local controller since it has measurements that should capture both oscillations; (3) two measurements and two controls on generator 2 and 4. The measurements of the speed on generator 2 and 4 are used as in the case above. This is expected to achieve better control performance than either of the above two designs since one has both sufficient information to detect and estimate the states associated with both oscillations and since there is also sufficient control to independently control both oscillations. Above designs are now addressed for µ-synthesis power system stabilizer.
A. MPSS Design I
MPSS with a single measurement (ω 2 ) and a single control on generator 2 (MPSS Design I) will be designed. In order to improve the control performance, the inverse dynamics [8] of the corresponding generators are included in the control design. The closed-loop system µ value with MPSS Design I is shown in Fig 4. In Fig 4, the maximum µ value appears at very low frequency (around 10 −3 rad/sec) instead of bifurcation frequency for single bifurcation. Another fact is that the peak µ value of the closed-loop system is greater than one. However, we are not concerned with this because it occurs at very low frequency beyond the frequency range that is the most important to the system behaviors are of concern. Two local maximum points appear around 3 and 8 rad/sec that correspond to frequencies of the interarea and the local oscillation. This verifies that multiple bifurcations develop in the two area system. A 40% increase in active power load and a 30% increase in line susceptance above the nominal values are applied to generator bus 2 and the line between bus 2 and bus 20 to bring the system close to the point of the double bifurcations. This result will reflect the variation in the feasibility region in both bifurcation parameter directions. The time response of the closed-loop system with MPSS Design I is shown in Fig 5. Compared to the open loop time response of a single bifurcation [8] the wave form shown in Fig 5 is more complex. The magnitudes of the swings change alternatively and thus, indicate the occurrence of more than one bifurcation. This is because of the combination of the two bifurcations and the system response reflects the two oscillations.
From Fig 5, the open loop system can not maintain the stability while MPSS Design I is not able to achieve good control performance for multiple bifurcations. It is able to stabilize the perturbed system because the oscillations decay with time as shown in Fig 5. However, the transition time is too long. The oscillations are not completely damped out yet even after 100 seconds. Therefore, a single measurement and a single MPSS control is not a good choice when multiple bifurcations develop.
B. MPSS Design II
A MPSS with two measurements (ω 2 and ω 4 ) and a single control on generator 2 (MPSS Design II) is designed now. This controller should perform better than the local controller since it has measurements that should capture both oscillation information.
The time response of the closed-loop system with MPSS Design II is shown in Fig 6. A 40% increase in active load and a 20% increase in the line susceptance above the nominal value are applied to generator 2. The increase in the bifurcation parameters brings MPSS Design I to the point of bifurcation. It can be seen that the damping of the oscillations has been increased dramatically compared to Both interarea and local oscillations can be damped out in 30 seconds. The simulation result in [18] showed that the bifurcation parameters can be further increased before the double bifurcations would occur. This fact suggests that MPSS Design II would provide an even larger increase in the feasibility region in the direction of these two bifurcation parameters. However, the voltage control performance is not satisfactory because the transition time is long and the error magnitude is relatively large. This control design also needs to be improved. 
C. MPSS Design III
A MPSS with two measurements (ω 2 and ω 4 ) and two controls on generators 2 and 4 (MPSS Design III) is considered. The measurements of the speed on generator 2 and 4 are used as in the case above to provide both interarea and local oscillation information. The control actions will be taken on the excitation system voltage setpoint on generator 2 as well as generator 4. This is expected to achieve better control performance than above two designs since one has sufficient information to detect both oscillations and sufficient control to independently control both oscillations.
The time simulation of the closed-loop system with MPSS Design III is shown in Fig 7. Again, the robustness of the control design is stressed with a 40% increase in the active load and a 20% increase in the line susceptance above the nominal value. The robustness of the control design is observed in not only being able to increase the feasibility region in the bifurcation parameter directions by the above percentages but also to achieve a slightly better frequency control performance. The oscillations are damped more quickly and transient responses are more smooth compared to the time response shown in Fig 6  for (ω 1 − ω 4 ) and (ω 2 − ω 4 ) . The magnitude of the oscillation on (ω 3 − ω 4 ) is larger and is no longer at the local oscillation frequency (≈ 1 Hz) but now at the interarea frequency (≈ 0.5 Hz). This is because that the local bifurcation occurred on generator 2 is easier to control than the interarea oscillation, and thus, the improvement of the frequency control performance is not obvious. The voltage control of the MPSS Design III is not improved at all and this is clear in Fig 7. The generator 2 speed measurement does not provide any voltage information and the power system stabilizer increases the damping effect by directly changing the generator terminal voltage setpoint. Conflicted objectives are difficult to obtain simultaneously for two power system stabilizers.
IV. µ-SYNTHESIS SVC FOR MULTIPLE BIFURCATIONS
For multiple bifurcations the control performance of MPSS was shown to be less than perfect since the voltage control of network buses degraded. In [9] , it has been concluded that MSVC is more effective than MPSS for a single bifurcation due to the local property of power system stabilizer. Similar to MPSS designs considered in the previous section, the MSVC will be designed (1) with a single measurement (ω 2 ) and a single control (at SVC bus);
(2) with two measurements (ω 4 and ω 2 ) and a single control (at SVC bus). The inverse dynamics are again included in the MSVC design.
A. MSVC Design I
A MSVC with a single measurement (ω 2 ) and a single control at SVC bus 101 (MSVC Design I) is designed here. The closed-loop µ value with MSVC Design I is shown in Fig 8. The multiple bifurcation phenomena can be verified by inspecting the peak µ value around frequency 3 and 8 rad/sec in Fig 8 . The time simulation of the open loop system and closed-loop system with MSVC Design I is shown in Fig 9. By applying 40% more active power load than the bifurcation value for the interarea oscillation and 30% more line susceptance than the bifurcation value for the local oscillation on generator bus 2, the closed-loop system interarea and local oscillations can be eliminated effectively by the MSVC Design I and the voltages are controlled well.
B. MSVC Design II
A MSVC with two measurements (ω 2 and ω 4 ) and one control at SVC bus 101 (MSVC Design II) is designed.
It is expected that MSVC with more measurements improves the control performance. This is verified in Fig 10, where the MSVC Design II is applied to the system with the same disturbance as for MSVC Design I. Same active power load stress is applied to the original system. The control performance improvement can be seen in terms of smaller oscillation magnitude and shorter transition period compared to Fig 9. 
V. MIXED MPSS/MSVC DESIGN
A mixed µ-synthesis PSS/SVC control with two measurements (ω 2 and ω 4 ) is designed in this section. The MPSS is located on generator 2 that is involved in both interarea the local oscillation. This mixed MPSS/MSVC design will try to take the advantage of capability of voltage support of SVC and the damping of power system stabilizer at generator 2. Fig 11 shows the time response of the closed-loop system with mixed MPSS/MSVC design. It can be seen that this design gives the best overall performance, although this time the increase of 40% in active stress and 20% increase in line susceptance above bifurcation values are applied. The competition for control of bus voltages at 6, 7, 8, and 11 is eliminated. Both voltage and oscillations are very well controlled. It demonstrates the advantages of both SVC control and power system stabilizer. The addition of the MPSS showed a significant improvement of the oscillation produced by the double bifurcations. The control of voltage V 2 is shown to degrade due to the MPSS but not seriously.
It is noted that the a single measurement and a single control MSVC (MSVC Design I) shown in section IV gives satisfactory performance and robustness. This does not mean that multiple measurements and multiple control designs are unnecessary be- cause of (a) the small size of this two area system makes it easy to control; (b) one of the two bifurcations is local bifurcation, which is easier to control than the interarea oscillation; and (c) adding more measurements and/or controls improves the control performance. For large power grids, the bifurcation behaviors are much more complex and thus, more measurement information and more control are important.
VI. CONCLUSIONS A multiple bifurcation phenomena observed in a two area power system is studied in this paper. The multiple bifurcations are more difficult to stabilize due to the overlapping and the strong coupling of the bifurcation subsystems of each bifurcation. Based on the study and the analysis of the double bifurcations using bifurcation subsystem method and a bifurcation subsystem based control design methodology, MPSS, MSVC, and, a mixed MPSS/MSVC control are designed. Time simulation results are compared.
The study in this paper indicates that multiple bifurcations can be stabilized via properly designed control. It is shown that (1) PSS, as a local control device, can only provide limited control to the system; (2) a properly designed MSVC is more effective than a MPSS design from the fact that a single measurement and a single MSVC control (MSVC Design I) is able to provide much better control performance than a single measurement and a single MPSS control (MPSS Design I); (3) more measurements and/or controls are necessary (for MPSS design) or help improve the robustness and control performance (for both MPSS and MSVC design); (4) the mixed design such as the mixed MPSS/MSVC, which exploits advantages of different devices, is more likely able to achieve better control performance; and (5) either measurements or controls should not be more than necessary. One fact that was not shown is that controllers with more measurements and/or control outputs than we used in this paper were tested and they did not show any obvious improvement in terms of time simulation.
It should be pointed out that the controls designed in this paper are formulated based on the full system model. For large power grids, it is impossible due to extremely high complexity and the resultant unaffordable computation efforts. Bifurcation subsystem method is shown to provide a much lower order model that can be used to design control that is able to successfully stabilize the full system for a single bifurcation [18] [19] . This effect is not studied in this paper but will be pursued for multiple bifurcation stabilization in the future.
